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Abstract. A manifold M with a foliation T is minimizable if there exists 
a Riemannian metric g on M such that every leaf of J 7 is a minimal sub- 
manifold of (M,g). For a closed manifold M with a Riemannian foliation T, 
Alvarez Lopez [T] defined a cohomology class of degree 1 called the Alvarez 
class whose triviality characterizes the minimizability of (M,T). In this pa- 
per, we show that the family of the Alvarez classes of a smooth family of 
Riemannian foliations on a closed manifold is continuous with respect to the 
parameter. The Alvarez class has algebraic rigidity under certain topological 
conditions on (M, J 7 ) as the author showed in 1201 . As a corollary of these two 
results, we show that under the same topological conditions the minimizability 
of Riemannian foliations is invariant under deformations. 
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1. Introduction 

The minimizability of Riemannian foliations. The minimizability of general 
foliations is characterized in terms of dynamical tools, for example, foliation cycles 
(Sullivan [26]) or holonomy pseudogroups (Haefliger [12]). On the other hand, 
remarkably, the minimizability of Riemannian foliations has a strong relation with 
the topology of manifolds. For example, 

• The minimizability of an orientable Riemannian foliation of codimension 
q on an orientable closed manifold is characterized by the nontriviality of 
the basic cohomology of degree q by a theorem of Masa [14] (see Section 2 
of Reinhart [23] or Section 2.3 of Molino [19] for the definition of the basic 
cohomology). 

• For a Riemannian foliation on a closed manifold, Alvarez Lopez [1] defined 
the Alvarez class, which is a basic cohomology class of degree 1 whose 
triviality characterizes the minimizability (see Definition [13]) . 

• In particular, this characterization of the minimizability by Alvarez Lopez 
implies that every Riemannian foliation on a closed manifold with zero 
first Betti number is minimizable. This is a generalization of a theorem of 
Ghys [8] on the simply connected case. 

• A Riemannian foliation J 7 on a closed manifold M is minimizable if iiiM 
is of polynomial growth and J- is developable by a result of the author 

E2U. 

In this paper, we show that the Alvarez classes of a smooth family of Riemannian 
foliations on a closed manifold is continuous with respect to the parameter. Com- 
bining this result with a rigidity theorem of the Alvarez class in Nozawa |20j . we 
obtain the invariance of the minimizability of Riemannian foliations under defor- 
mations under the topological conditions in |20j , which implies an algebraic rigidity 
of Alvarez class there (see Corollary 0] below). 

Note that the invariance of the minimizability under deformations does not hold 
for general foliations. We present examples of families of foliations in Section [8] to 
describe the situation. 

A continuity theorem of the Alvarez class. Our main result is as follows: Let 
M be a closed manifold. Let U be an open neighborhood of in Let {J rt }teu be 
a smooth family of Riemannian foliations on M over U (see Definitions ITT1 and I12j) . 

Theorem 1. The Alvarez class ^(J 7 ') of (M, J 7 *) is continuous in H 1 (M;R) with 
respect to t. 

Let us mention why Theorem[T]does not follow from the definition of the Alvarez 
class or the classical deformation theory. By definition, the Alvarez classes of 
(M, J 7 *) is represented by the closed 1-form obtained by orthogonally projecting 
the mean curvature form of (M, J 7 ', g l ) to the space of basic 1-forms on (M, J 7 *) for 
any bundle-like metric g l on (M, J 7 *). But the space of basic 1-forms on (M, J 7 ') 
changes discontinuously with respect to t in the space of 1-forms on M, when the 
dimension of closures of generic leaves changes. Because of this discontinuity of 
the spaces of basic 1-forms, we cannot obtain a continuous family of closed 1-forms 
which represents the Alvarez classes directly from the definition. Furthermore, this 
discontinuity of the spaces of basic 1-forms breaks the continuity of the domains of 
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the families of basic Laplacians. Thus we cannot apply the classical technique of de- 
formation theory using smooth families of self-adjoint operators to show Theorem[I] 
at least directly. 

Let us mention why Theorem [1] does not follow from the interpretation of the 
Alvarez class in terms of the holonomy homomorphism of the Molino's commuting 
sheaf of (M, J 7 ') by a theorem of Alvarez Lopez [2J. If the dimension of closures 
of generic leaves changes, the ranks of the family of Molino's commuting sheaves 
as flat vector bundles changes. Hence the family of Molino's commuting sheaves is 
not smooth as a family of flat vector bundles, and we cannot prove the continuity 
directly from the result of [2J. 

To prove Theorem[TJ we will take a suitable representative Kb of the Alvarez class 
at t = 0, which we will call the .F-integrated component of the mean curvature form. 
Then we will approximate the Alvarez class by non-closed 1-forms (see Section RP]) . 
Some technical consideration on Riemannian foliations will be needed to take the 
representative Kb of the Alvarez class at t = in Section [SJ which is the main part 
of this article. 

Deformation of minimizable Riemannian foliations. Combining Theorem Q] 
with the characterization of the minimizability by the triviality of the Alvarez class 
by Alvarez Lopez pQ, we have 

Corollary 2. In parameter spaces of smooth families of Riemannian foliations on 
closed manifolds, the subsets consisting of parameters corresponding to minimizable 
Riemannian foliations are closed. 

This corollary is not true for general foliations as we will see in Example 18.21 

A foliation T is defined to be of polynomial growth if the fundamental group 
of every leaf of J- is of polynomial growth. A group T is polycyclic if there exists 
a sequence {1^}™^ of subgroups of L such that T = T, T n = {1}, Ti_i > T; and 
Ti/Ti + i is cyclic for every i. Let (M,J-) be a closed manifold with a Riemannian 
foliation. If -K\M is polycyclic or J 7 is of polynomial growth, then the integration 
of the Alvarez class of (M, _F) along every closed path on M is the exponential of 
an algebraic integer by a result of the author [20] . By the totally disconnectedness 
of the set of algebraic integers in M, we have the following corollary of Theorem [1] 
Let M be a closed manifold. Let U be a connected open neighborhood of in 
R f . Let {.F'jtgfy be a smooth family of Riemannian foliations on M over U (see 
Definitions [TT] and [T2J . 

Corollary 3. If ix\M is polycyclic or T 1 is of polynomial growth for every t, then 
= £(J"°) in iJ^Af.R) for every t. 

The Alvarez class changes nontrivially for examples of families of solvable Lie 
foliations constructed by Meigniez [16] (see also [17]) as we mentioned in [20]. Hence 
Corollary [3] is not true in general. By the characterization of the minimizability by 
the triviality of the Alvarez class by Alvarez Lopez [T] and Corollary [3] we have 

Corollary 4. IfirxM is polycyclic or J- 1 is of polynomial growth for every t, then 
one of the following holds: 

(i) For every t in U, (M, J 7 *) is minimizable. 

(ii) For every t in U, (M, J 7 ') is not minimizable. 
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Note that T is always of polynomial growth if dim T = 1 . Hence for Riemannian 
flows, the minimizability is invariant under deformations. As noted above, the 
invariance of the minimizability under deformations is not true for general foliations. 
For Riemannian foliations, it is not clear if the minimizability is invariant under 
deformations in general. We ask 

Question 5. Is the minimizability of Riemannian foliations on closed manifolds 
invariant under deformations? 

Let (M, F) be a closed 4-manifold with a GA(1)-Lie foliation (see Section [3] for 
terminologies on Lie foliations). By a theorem of Matsumoto and Tsuchiya |15j . 
(M, J") is a homogeneous GA(1)-Lie foliation up to a finite covering. In particular, 
7T\M is isomorphic to a finite index subgroup of a lattice in a connected simply 
connected solvable Lie group. It is well known that a lattice of a connected simply 
connected solvable Lie group is polycyclic (see Raghunathan [22]). Since it follows 
from definition that every subgroup of a polycyclic group is polycyclic, iiiM is 
polycyclic. On the other hand, a GA(1)-Lie foliation on a closed manifold is non- 
minimizable, and an R 2 -Lie foliation on a closed manifold is minimizable. In fact, 
the following is true: 

Proposition 6. A G-Lie foliation T on a closed manifold M is minimizable if and 
only if both of G and K are unimodular, where K is a simply connected Lie group 
whose Lie algebra is the structural Lie algebra of the Lie foliation on the closure of 
a leaf of T . 

Proposition [6] follows from a generalization of a theorem of Masa [14] by Alvarez 
Lopez [T] to the non-orientable case and Theorem 1.2.4 of El Kacimi and Nicolau 
[TU] as follows: Let q — cod(M, J 7 ). A theorem of Alvarez Lopez pQ implies that 
(M, JF) is minimizable if and only if the basic cohomology H^(M/F) of degree 
q is nontrivial. Then Theorem 1.2.4 of El Kacimi and Nicolau [10] implies that 
H^(M I 'J 7 ) is nontrivial if and only if G and K are unimodular. By the polycyclicity 
of 7i"iM, Corollary |4] and Proposition HI we get 

Corollary 7. A GA(1)-Lie foliation on a closed A-manifold cannot be deformed 
into an M. 2 -Lie foliation. 

In dimensions lower than 4, Corollary [7] is easily confirmed to be true is as a 
consequence of classification of Riemannian foliations. In higher dimensions, it is 
not clear if a similar result is true or not. 

The invariance of basic cohomology of Riemannian foliations under de- 
formations. Let U be a connected open neighborhood of in Mr. Let {J 7 *}^;/ 
be a smooth family of Riemannian foliations of codimension q on M over U. The 
dimension of the basic cohomology H^(M / 'J 7 *) of degree q is either of 1 or by a 
result of El Kacimi, Sergiescu and Hector [TT]. As remarked by Alvarez Lopez in 
the proof of Corollary 6.2 of [I], the triviality of the Alvarez class directly implies 
the nontriviality of H^(M/ J- 1 ). Hence Corollary [4] is paraphrased to 

Corollary 8. If tt\M is polycyclic or T l is of polynomial growth for every t, then 
we have H^M/F 1 ) H*(M/T°) for every t in U. 

This corollary gives a partial positive answer to the following question asked by the 
author in the VIII International Colloquium on Differential Geometry at Santiago 
de Compostela (see [3]): 
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Question 9. Is the basic cohomology of Riemannian foliations invariant under 
deformations? 

The component of the basic cohomology of the degree equal to the codimension 
of Riemannian foliations is invariant under deformations if and only if the answer of 
Question[5]is true. We note that the answer of Question|9]is negative in degree lower 
than the codimension of Riemannian foliations. We have a simple counterexample 
as we present in Example 17.41 

Acknowledgement. The author would like to express his deep gratitude to Etienne 
Ghys and Masayuki Asaoka for stimulative comments on Anosov flows. The author 
would like to express his deep gratitude to Jose Ignacio Royo Prieto for pointing 
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gap was established in the discussion with Jesus Antonio Alvarez Lopez during the 
author's stay at the University of Santiago de Compostela in the spring of 2009. 
The author would like to express his deep gratitude to Jesus Antonio Alvarez Lopez 
for his invitation, great hospitality and valuable discussion. The author would like 
to express his deep gratitude to Jesus Antonio Alvarez Lopez also for his comments 
on this manuscript during the author's stay at Centre de Recerca Matematica in 
Barcelona in the summer of 2010. The author would like to express his deep grati- 
tude to Centre de Recerca Matematica for great hospitality. 



2. Basic definitions 

2.1. Families of foliations. We use the terminology from Molino [19]. We recall 
the definition of some basic terminology here to avoid confusion. 

Let (M, J 7 ) be a foliated manifold. By the integrability of J 7 , the Lie bracket 
on C°° (TM) induces the Lie derivative with respect to vector fields tangent to the 
leaves 

(r s 
§§{TM/TF) ® §§{TM/TF)* 

C°° ^(g)(TM/TJ-) ® @(TM/TF)*J 
for all nonnegative integers s and r. 

Definition 10. (i) An element X of C°° [TM jTT) is called a transverse field 

on (A/, T) if L Y X = for every Y in C°°{TF). A vector field Y on M 
is called a basic vector field if Y is mapped to a transverse field by the 
projection C°°(TM) — > C°°{TM/TF). 
(ii) An element g of C°°(0 2 (TM /TT)*) is called a transverse metric if the 
following three conditions are satisfied: 

(1) g(Y, Z) = g(Z, Y) for every Y and Z in C°°(TM/TF), 

(2) L x g = for every X in C°°{TF) and 

(3) g x (Z,Z) > for every point x on M for every nonzero vector Z in 

r, .\i /;, ./••. 

A Riemannian metric g on M is called a bundle- like metric if the restriction 
of g to (^) 2 (TJ r )^ is a transverse metric under the natural identification 
of ^(TJ")^ with <g) 2 {TM/TF). 
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(iii) Let q be the codimension of (M, F) . A transversal parallelism of (M, T) 
is a g-tuple of transverse fields X 1 , X 2 , X q on (M, J 7 ) such that 
{(A 1 )^ (X 2 ) x , ■ ■ • , (A 9 ^} is a basis of T X M/T X F at each point x on M. 

We recall the definition of smooth families of foliations with transverse structures. 
Let U be an open set in M 1 which contains 0. Let M be a smooth manifold. 

Definition 11. A smooth family of p-dimensional foliations of M over U is defined 
by a p-dimensional smooth foliation J ramb of M x U such that every leaf of J ramb 
is contained in M x {t} for some t. 

For t in U, let J 7 * be the foliation of M x {£} defined by the collection of the 
leaves of J 73 - 11 * contained in M x {t}. Families of foliations are written as {J rt }t^u 
throughout this paper. (i/_F) amb denotes the vector bundle over M x U defined by 
the kernel of the map T(M x U)/TJ ramh — > TU induced by the differential map of 
the second projection M xU — > U. We call (vF) &mh the family of normal bundles 
of {F^teu- Note that {yJ r ) laah \Mx.{t} is the normal bundle of the foliation T l of 
M x {t} for each t. 

Definition 12. (i) A smooth family of Riemannian foliations of M over U is 

a pair consisting of a smooth family of foliation of M x U defined by F &mh 
and a smooth metric g amb on {vJF) 3 ^ such that the restriction of g amh to 
the orthogonal normal bundle of (M x {£}, _F') is a transverse metric on 
(M x {t},^). 

(ii) A smooth family of transversely parallelizable foliations of codimension q 
of M over U is a pair of a smooth family {F t } t £u of foliations of M of 
codimension q and a g-tuple of global sections A^ mb , X^ mh , • • • , A* mb of 
^jr)amb suclltnat {Xl mh \ Mx{t} ,Xl mh \ Mx{t} , ■ ■ ■ , A« mb | Mx{t} } is a trans- 
verse parallelism of (M x {t}, J 7 *) for each t. 

2.2. The Alvarez class. We recall the definition of the Alvarez class of a closed 
manifold with a Riemannian foliation by Alvarez Lopez pQ. We restrict ourselves 
to the case of oriented manifolds. The definition in the non-orientable case is done 
by lifting the foliation to the orientation cover as in pQ. 

Let (M, J 7 ) be an oriented closed manifold with a Riemannian foliation. We fix 
a bundle-like metric g on (M,J-). We have a direct sum decomposition 

(1) C°°(A k T*M) = C fc °°(A fc T*M) © C^°(A A T*M)- L 

with respect to the metric induced by g, where C£°(A k T*M) is the space of basic 
k- forms on (M, J 7 ). Let pjr be the first projection 

(2) pjr: C ,QO (A k T*M) — > C b °°(A fc T*M). 

We denote the mean curvature form of (M, J 7 , g) by k (see, for example, Section 10.5 
of Candel and Conlon [4] for the definition of the mean curvature form of (M, F,g)). 

Definition 13. For an oriented closed manifold M with a Riemannian foliation J 7 , 
we define a basic 1-form Kf, on (M, J 7 ) by 

(3) K b = pjr(K) 

and call Kb the Alvarez form of (M, J 7 ). This Kb is closed by Corollary 3.5 of Alvarez 
Lopez p] . We define the Alvarez class of (M, J 7 ) by the cohomology class of Kb in 
Zf-^MjR). We denote the Alvarez class of (M, J 7 ) by ^(J 7 ). 
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Let H^M/J 7 ) be the basic cohomology group of degree 1 of (M, F) (see Sec- 
tion 2 of Reinhart [23] or Section 2.3 of Molino [19] for the definition of the basic 
cohomology). Alvarez Lopez defined the Alvarez class as an element of H^M/J 7 ) 
in PQ. Since the canonical map H^M/J 7 ) — > H 1 (M/'F) is injective as easily 
confirmed by definition, Definition [13] gives the essentially same data as in pp . 

The simple proof of the following lemma is due to a comment of Alvarez Lopez 
to the author: 

Lemma 14. Let (Mi, J 7 !) be a closed manifold with a Riemannian foliation. Let 
p: M 2 — > Mi be a finite covering, and let T 2 = p*J~i, which is a Riemannian 
foliation on M2. Then we have £,{^2) = P*£(J r i)- 

Proof. We take a bundle- like metric g\ on {Mx,J 7 x). Then p*gi is a bundle-like 
metric on (Mi, F\). We consider orthogonal decompositions 

(4) ^(Mi) = nliMx/Tx) © (fi^Mi/J-i)^, 

(5) r» 1 (M 2 ) = nl(M 2 /-F 2 ) © (^(M 2 /J" 2 )) ± 

with respect to the metric induced by g\ and p*gi, respectively By definition of 
metrics, we have 

(6) p*Q£(Mi/Ji) = p*n 1 (M 1 ) n ttl(M 2 /F 2 ), 

(7) ^(^(Mi/J-i))^ = p'n^Mi) n (^(m 2 /.f 2 )) x . 

Let pjF x and pjF 2 be the first projections on decompositions ((4]) and ([5]), respectively. 
These equalities imply 

(8) P*PT 1 =Pr 2 P*- 

Let Ki be the mean curvature forms of (Mi, J~i) with respect to g\ and p*gi, respec- 
tively. We get k 2 = p*n\. By ©, we get 

p*(Ki)b = P*Pt 1 {ki) = p^ 2 (p*Ki) = pr 2 {n 2 ) = (n 2 ) b . □ 

3. Fundamentals of Lie foliation theory 

We summarize the fundamental facts of Lie foliation theory due to Fedida [3] 
and [7] (see also Section 4.2 of Molino [19] or Section 4.3.1 of Moerdijk and Mrcun 
[18]) to use in Sections [5] and [6] 

Let G be a connected Lie group. Recall that a G-Lie foliation is a foliation with 
a transverse (G, G)-structure, where G acts on G by the right multiplication. A 
G-Lie foliation has a structure of G'-Lie foliation for any covering group G' of G as 
easily confirmed. Thus we will assume the simply connectedness of G throughout 
this paper. We recall the following 

Definition 15. The Lie algebra of G is called the structural Lie algebra of the Lie 
foliation. 

Let (M, F) be a G-Lic foliation. Let p^f v : M univ — > M be the universal cover 
of M. Fix a point x™ iv in M univ , and let x = p^f v {x% niv ). 

(I) : We have a fiber bundle dev : M unlv — > G which maps x™ lv to the unit 
element e of G and whose fibers are the leaves of the foliation (p™ IV )*-^ 
of M univ . This dev is called the developing map of (M, F). 
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(II) : We have a group homomorphism hoi: m(M, xq) — > G such that 

(9) dev(7 • x) = dev(ir) -q hol(7) 

for x in M unlv and 7 in iri(M,xo), where -q is the multiplication of G. 
The image of hoi is called the holonomy group of (M, F) . The holonomy 
group of (M, J 7 ) is dense in G if and only if the leaves of T are dense in 
M. 

(III) : Recall that the Maurer-Cartan form 8 on G is a Lie(G)-valued 1- 
form on G defined by g (v) — (R g )*v for g in G and v in T g G, where 
R g is the right multiplication map by g. Since a Lie(G)-valued 1-form 
dev* 8 on Af univ is invariant under the 717 (M, xo)-action, dev* 8 induces a 
Lie(G)-valued 1-form ft on M. The structure of a G-Lie foliation (M, J 7 ) 
is determined by this Lie(G)-valued 1-form £1 on M. This f2 is called the 
Maurer-Cartan form of a G-Lie foliation (M, F). 

(IV) : The Maurer-Cartan form Vt of a G-Lie foliation (M, J 7 ) satisfies the 
equation 

(10) dn + hn,Q] = 0. 

Conversely, if a Lie(G)-valued 1-form on M satisfies (fTU|) and fi^ : T X M — 
Lie(G) is surjective for every x in M, then is the Maurer-Cartan form 
of a G-Lie foliation of M . 

(V) : Let g = cod(M, F). Let {X J }« =1 be a basis of Lie(G). Let {ZUjf =1 
be the dual basis of Lie(G)*. Let u>i be the 1-form on M induced from a 
tt\{M, a;o)-invariant 1-form dev*Wi on M unlv . Let be the vector field 
on M orthogonal to TT such that u)i{X^~) = Sij for each i and j, where Sij 
is the Kronecker's delta. Then {Xi} q - =1 is clearly a transverse parallelism 
of (M, J 7 ). Here, the Maurer-Cartan form VL of (M, J 7 ) is given by the 
equation ^^((X- 7 )^) = X 3 for each point a; on M. 

4. Reduction to the orientable transversely parallelizable case 

We reduce the proof of Theorem [T] to the case where {J rt }t£ij is a family of 
transversely parallelizable foliations. 

Let {J-^ltgy be a smooth family of Riemannian foliations of codimension q of a 
closed manifold M over U. Clearly we can assume that U is contractible without loss 
of generality. Let Fr(^J r ) amb be the family of the frame bundles associated with the 
family (j/J r ) amb of vector bundles on M . The metric g amh on (yF)^™* 3 determines an 
0(<7)-reduction 0{vF) &wh of Fr(^J") amb . We denote O(j/J r ) amb | Mx{0} by 0(vF)° . 
Since 0(^.F) amb is the total space of a O(jaF) -bundle over a contractible base 
space U, we can trivialize 0(vJ r ) amh as 0{vT) &mh = 0{uT) x U. By the standard 
construction of the Molino theory, we have the following lemma: 

Lemma 16. There exists a foliation Q amh of O(iAF) x U and a 3L31H -tuple of 
transverse fields of {0(yF)° x U,Q amh ) defining a smooth family {G t }teu of trans- 
versely parallelizable foliations of codimension g( - g ^ 1 ^ of O(isJ-) over U . 

Proof. Let {(V\,<fi\)} be a Haefliger cocycle defining a foliation 7 ramb of M x U. 
Then {(0(vF) amb \ Vx ,d(f>x)} is a Haefliger cocycle on 0(^J") amb , where d<f>x is 
the map induced on the frame bundle by (f)\. We define a foliation £ amb of 
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O(zaF) x U pushing out the foliation of 0(vF) amh defined by the Haefiiger co- 
cycle {(0(v'F) amh \v x ,d(f) > ,)} by the trivialization <3(>J") amb = 0(uT)° x U. 

Let Q l = G axnh \o(vJ r )° x{t} ■ For each t, we can construct a transversely parallelism 
of (0{v T)° x {t}, Q*) from the transverse Levi-Civita connection on 0(v'F) amh \Mx{t} 
and the canonical 1-form on the frame bundle 0(iyT) amh \Mx{t} as in Section 5.1 of 
Molino [19] or Theorem 4.20 of Moerdijk and Mrcun [18]. Since the transverse Levi- 
Civita connections and the canonical 1-forms on (O(zaF) x {t}, Q r ) are smooth with 
respect to the parameter t, we have a smooth family of transverse parallelisms. □ 

Lemma 17. If is continuous with respect to t, then £,{J rt ) is also continuous 

with respect to t. 

Proof. Let tt: O(v'F) x U — > M x U be the projection. By Lemma 7 of Nozawa 
[20], wehave(7r|o(^ ) o x{t} )*^(J : ' t ) = £((?*) for each t. Since (Tr\ O ( v ^)0 x { t })* : H 1 {Mx 
{<};M) — > H 1 (0{v'Ff x {t};M.) is infective, the continuity of ^(J 7 *) follows from 
the continuity of £(<?*)• □ 

By Lemmas [T3] and |T7] we have the following 

Lemma 18. The general case of Theorem]]] follows from the special case where 

(i) {"r}teu i-s a smooth family of transversely parallelizable foliations of M . 

(ii) M and the basic fibration of ~F° are orientable. Moreover if we have an- 
other foliation T on M , we can assume that J- is also orientable. 

Here, T in the statement of (ii) will be J-° which appears in Section 16.21 For 
the proof of Lemma [18J we note that the finite covering p : Mi — > M 2 induces an 
injection <p*; H^M^R) — > ffi(M 2 ;M). Then p* : H 1 (M 2 ;R) — ► ff^MijK) is 
injective by the Poincare duality for closed manifolds Mi and M 2 . 

5. A REPRESENTATIVE K b OF THE ALVAREZ CLASS 

5.1. Definition of the ^-integrated component of the mean curva- 
ture form. We will define the ^-integrated component kj, of the mean curvature 
form for transversely parallelizable foliations in a way similar to that of the def- 
inition of the Alvarez form Kb for transversely parallelizable foliations in Alvarez 
Lopez [I]. Let (M, F) be a closed manifold with a transversely parallelizable folia- 
tion. Let q = cod(M, T). We take a transverse parallelism {^j}c°d( M <- F ) f jrj 
Let {(jJi}1 =1 be the set of basic 1-forms on (M, J 7 ) such that bj^X 3 ) = where 
Sij is the Kronecker's delta. Let 

(11) wj = Wi I A cj i2 A • • • A uj ik 

for a set I = i 2 , • • • , ik\, where 1 < i\ < ii < ■ ■ ■ < ik < q. Assume that we 
have the following diagram: 

(12) M ^1^ W 



V. 

where 7T& : M — > W is the basic fibration of (M, F) and tt^ is a submersion. Recall 
that the basic fibration of (M, IF) is a fiber bundle whose fibers are closures of leaves 
of (M, J 7 ). We denote the foliations of M defined by the fibers of 7Tb and by 
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Tb and J 7 , respectively. From now on we denote W and V by MjTb and M/F, 
respectively. 

We assume that M and the fiber bundle iv^ are orientable. We fix a bundle- like 
metric g on (M, J 7 ). Then we define a map p^ by 

(13) p^(r + £ /V) = 

ZC{1,2,- ,9},|/|=fc 

4(^ vol ^)/c { i,2,^ } ,m=, v ^ 1 

for /' in C°°(M) and r in C 00 ^*? ® (A fc_1 T*M)), where J*j= is the integration 
along the fiber of 7r^ with respect to the fixed orientation and vol^ is the fiberwise 
volume form of 7r^ determined by the metric g. Note that we have a direct sum 
decomposition 

(14) C°°(A k T*M) = (kerp^) 1 - ©kerp^ 
and Pjr is the first projection like in the case of pjr. 

Definition 19. We define the -F-integrated component Kb of the mean curvature 
form k of (M, J 7 , g) with respect to the transverse parallelism {a>j}? =1 by 

(15) K b = P^(k). 

Note that p^ coincides with pjr and Kb = Kb if T = J~b- It is the situation 
originally considered in Alvarez Lopez pQ. 

Note that pp depends on the choice of the transverse parallelism {X J }| =1 . This 
is different from the case of pjr, which is determined only by the metric g. We remark 
that there will be a natural choice of {Wj}| =1 , when we apply this construction in 
Section [BJ Note that 

(16) PjrPT = Pjr 

by definition. 

Note that Kb ma y not be closed, while the Alvarez form Kb is closed by Corollary 
3.5 of Alvarez Lopez pQ. We do not define Kb for the case where M or is not 
orientable. This is because it is not used in this paper. 

5.2. The statement of Proposition 12 ll We will state Proposition [2P1 which as- 
serts that the Alvarez class of (M, J 7 ) is represented by Kb under certain conditions. 
These conditions will be naturally satisfied in our application in Section [BJ The 
proof of the essential part of Proposition [2X1 occupies the rest of this section. 

In this section we continue to use the notation defined in Section [STTl Let di,o be 
the composition of the de Rham differential and the projection C°° (A m+1 T* M) — > 
C°°{{TF^)* ® ATJ) determined by g. 

Lemma 20. If each leaf of (M, T) is minimal with respect to g, then the function 
J^vol-^ on the leaf space M/J- is constant. 

Proof. By the assumption, we have K-p = 0. By the Rummler's formula (see the 
second formula in the proof of Proposition 1 in Rummler [24) or Lemma 10.5.6 of 
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Candel and Cordon [4]), we have di,o vol^ = — k^AvoI^. Hence we have di^ vol^ = 
0. Then 

(17) d(J_vol^\= Jdvo\^ = Jd h0 vo\^ = Q. 

Here the second equality follows from the degree counting of the differential forms. 

□ 

Proposition 21. We assume that M, J- and the basic fibration ttj of (M, T) are 
orientable. We also suppose that 

(a) : The fixed bundle-like metric g on (M, J 7 ) is bundle-like also with respect 
to f. 

(b) : Each leaf of (M, J 7 ) is minimal with respect to g. 

(c) : We define functions c\ on M by 

(18) du)i = ^utj Aoj k - 

l<j<k<q 

Then c? |j is a constant for each fiber L of tt^. 

(d) : Let proj^: C°°{TM/TF) — > C°° (TM jTT) be the canonical projec- 
tion. Then proj^Xj is a transverse field on (M, J 7 ) for each i. 

Then we have 

(i) Kb is a closed I- form on M and 

(ii) [ Kb ] = [K b ] in ff^MjR). 

We will show (i) here, (ii) will be shown at the end of this section. 

Proof of Proposition^^ (i). By Lemma [2T)I the function ir*~ (J^vol^) on M is con- 
stant. Let 



(19) C = K*~^J_vo\;f), 
and 

(20) Kb =J2 hi 



g 

i=l 



By the condition (c), we have 

9 



(21) 



p^(^ ^2 h l dio^j = ^2 ( / h 1 voi^ j diUi 
i=i i=i ' 



Using (ITSI) . (|TI)]) and (J3J), in this order, we have 

(22) K b = ppK = p^pjrK = PfK h . 
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We have 
d,Kb 

= ^(ELi(J^vol^) 

= h ELi ( b dhi A vo1 ^ )*<»i + b E?=i ( X? ^ vo1 ^ ) A 

= Pj? (ELi dft* A t*) + i ELi ( h Wdvol? )AtJi + ELi ^dw<) ■ 

Here we used ((22)) in the first equality. The second equality follows from the combi- 
nation of (fT3|) , (fT9|) and (f20| . We used the commutativity of the integration along 
the fiber with d in the third equality. The fourth equality follows from the equations 
(PJl and (|2l]). We have 

- ELi ^)) + u ELi ( J> vdvoif ) a w< 

- Pf (d( ELi ^)) + £ ELi ( J> ^1,0 vol^ ) A Wj 
= Pf(dn b ) - ^ELi {fe htK r Avol^) Acj*. 

Here, in the first equality, we combined the first and the third terms. The second 
equality follows from degree comparison. The third equality follows from (|20p and 
the Rummler's formula (see the second formula in the proof of Proposition 1 in 
Rummler [24] or Lemma 10.5.6 of Candel and Conlon [4]). 

The first term of the last line is 0, because K b is closed by Corollary 3.5 of Alvarez 
Lopez pQ. Since is by the condition (b), the second term is also 0. Hence (i) 
is proved. □ 

5.3. £,(J-) = [lib] on the fibers of 7Tp. We will show a lemma which will be used 
in the proof of Proposition [2X1 to show the restriction of £(J-) and [k&] to the fibers 
of TT-p are equal. Here, a will be considered to be £,(J-) — in the application in 
Section 5.6. 

Lemma 22. Assume that the conditions (a) and (b) of Proposition \2T\ are satisfied. 
Let M' be an orientable submanifold of M which is a union of fibers of tt^. Let 
{4>t}t£[o,i] be the flow on M' generated by a vector field X on M' . Assume that 
LUi(X) is constant on each fiber of tt^ for each i. Then we have 

(23) J (^J Kb)vol M >(x) = J (^J Kb)vol M >(z), 

where "f x is the orbit of x of {<t>t}te[o,i]> an d volfcf is the volume form on M 
determined by g. 

Proof. The function tt~ (J^ vol^j on M' is constant by the condition (b) and 
Lemma l20l We take a real number C and functions h* on M as (fT9|) and (f20"|) . 
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Then we have 

Sap \S 1x P^(k)Jvo\m'{x) 
= Sap (/ 7 . Pr(Kb))vol M >(x) 
= b Sap ( / 7 . ( Ei=i J> h * vc % ) vo1 *'' ( x ) 
= bSw (lo (l2LiSr hlvol r) iAt) LJ *( X )iAt) dt ) voIm'(^) 

Here, we used (|22[) in the hrst equality. We used (fT3|) and (|20p in the second 
equality. 

By the assumption, uji(X) is constant on the fibers of tt^. Then we have 
b S M ' ( So £?=i ( St h * vo1 f ) /t M x K(t)dt) voW (a:) 

= £Jm< (Jo (Ei=l/^ /li ^( X )7,(t) V0l ^) d *) V0l ^'( a; ) 
= ^/m' (jo (Xf^&W™ 1 ?)*) VOlj|f/(x) 

= b Sap ( J> ( Jo l>b(X)dt) vol^ ) voW (as) 

= b Sap ( J> ( S yx K b) volj? J vol M < (as). 

By the condition (a), we have J M ,f vo\m' = J M ,^(^ f~fvo\^)vo\ AI ,^ for a 
function / on M' , where vol M , ,^ is the volume form on M' determined by g. 
Hence we have 

h Sap ( Xf ( J 7x K b) vol^ J vol M < (x) 

= £ /m 7 F ( Xf ( J> ( Xy» K &) VC % ) V01 ^ ) V0l M'/J 
= /l/VF (Xf (/ 7 , K <>) V01 ^) V0 V/^ 

= Sap [S 1x «*>) vol M'(a;). 
The proof of Lemma [H] is completed. □ 
We fix a point xq in M. Let F be the fiber of tt^ containing xq. Let 

(24) ?F = cod(F,^| ? ). 

We assume that the condition (d) of Proposition[H]is satisfied. We define transverse 
fields Y\ F 2 , • • • , Y q on (M, F) by 

(25) V X>.'.Y'. 



=i 



where we choose a nondegenerate matrix (a^ )i<j<q,i<i<q so that (Y 1 )^, (Y 2 ).j; , 
• • • , (Y q p) Xo are tangent to F. By the condition (d) of Proposition |2~T| the vector 
fields Y 1 , Y 2 , • • • , Y 9 -? are basic with respect to T . Hence Y 1 , Y 2 , • • • , Y q p are 
tangent to F at every point of F. We denote the vector subspace © ■£ 1 K(Y 3 '|p;) of 
the Lie algebra of transverse fields on (F,^"]^) by q. Then: 
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Lemma 23. Assume that the conditions (c) and (d) of Proposition \2l\ are satisfied. 

(i) q is a Lie subalgebra of the Lie algebra of transverse fields on [F, F\p). 

(ii) (F,F\p) is a Lie foliation. 

Proof. Let us prove (i). We take basic 1-forms Q by £i(Yi) = Sij, where Sij is the 
Kronecker's delta. By the condition (c), we have 

(26) dd= £ 4%^<k, 

l<j<k<q 

where are functions on M whose restrictions to F are constant. Clearly, we 
have 

(27) Ci([Y j ,Y k }) = -2dC t (Y\Y k ) = -2cf 

For any transverse field Z on (M, _F), we have Z = J2i=i d(Z)Y l - Hence we have 

(28) [Y\Y k ]=J2<; i ([Yi,Y k })Y i = -2^cfy\ 

i=l i=l 

Recall the notation qp = cod(F, F\p). Consider the case of f < j < k < q^. Note 
that [Y 3 , Y k ] is also tangent to F at every point on F because Y J and Y k are 
tangent to F at every point on F. Then c? k must be for q^ + 1 < i < q by (|28p. 
because Y q p +1 , ■ ■ ■ , Y q are not tangent to F at xq. Hence [Y 3 , Y k ] is contained in 
0. Thus (i) is proved. 

Let us prove (ii). Here, g is a Lie algebra by (i). We define a g-valued 1-form 
on F by 

(29) n*uy j h) = y j 

for every point x on F and every j. For the proof of (ii), it suffices to show that Q 
satisfies the Maurer-Cartan equation df2+~[fi, fi] — by (III) and (IV) of Section|3] 
This is proved in a way similar to the argument of Theorem 4.24 of Mocrdijk and 
Mrcun [18] as follows: For 1 < j < k < qs, we have 

dn{Y^Y k ) + ±[n,n](Yi,Y k ) 

= \(Yi{n{Y k )) - Y k {tt{Y 3 )) - VL{[Y 3 ,Y k ])) + ±[^(^ J ), n{Y k )} 
= ±(YJ{n{Y k ))-Y k (n(Yi))) 
= 0. 

In the second equality, we used the equality ^([Y 3 ,Y k ]) = [Q,(Y j ), il(Y k )} which 
follows from the definition of f2. The last equality follows from the fact that the 
g-valued functions il(Y J ) and n(Y k ) are constant on F. □ 

Recall that Fb denotes the foliation of M defined by the fibers of the basic 
fibration 7Tb : M — > M/Fb- 

Lemma 24. Assume that the conditions (c) and (d) of Proposition Wf\ are satisfied. 
Assume that a basic closed 1-form a on (F, F\p) satisfies 

(30) J_{J a) vol^s) = 
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for the flow {</>t}tg[o,il on F generated by every vector field X such that u>i(X) is 
constant on F for each i, where j x is the orbit of x of the flow {0t}tg[o,i] • Then 
we have 

(i) a\L b = for each leaf Lb of (F ', J-b\p) and 

(ii) [a] = m ff^R). 

Proof. Let us show (i) in the case where Lf, is the leaf F^ of (F, Ft\p) which contains 
xq. The proof of the general case is similar. 

Here (F, F\p) is a Lie foliation by Lemma l2"3"lfii). We take a connected Lie group 

G so that (F, J-\p) is a G-Lie foliation. We can assume the simply connectedness 
of G as noted in the second paragraph of Section |3] 

Let p~ mv : F unlv — > F be the universal covering of F. Fix a point Xp mv in 
the fiber over xo. Let dev: F — > G be the developing map of the Lie foliation 
(F, J-\p) which maps Xg mv to the unit element e of G. Let hoi be the holonomy 
homomorphism 7r 1 (F,x ) — ► G of the Lie foliation (F, J-\p). By (I) of Sectional 
every basic 1-form on (i^ unlv j (p~ mv )*(J-"|^)) is the pullback of a 1-form on G by 
dev. Hence there exists a 1-form a on G such that 

(31) (;p£ niv )*a = dev*a. 

By (II) of Section [3] and the invariance of (p~ mv )*a under the Tti(F, xo)-action on 
F univ , we have 

(32) -RLi( 7 ) 5 = 5 

for 7 in n 1 (F 1 Xq), where RholM '■ G — > G is the right multiplication map by hol(7). 
Let H be the closure of the image of hoi in G. Note that if is a proper subgroup of 
G if the leaves of (F, J-\p) are not dense by (II) in Section |3 It follows from 
that 

(33) R* g a = a 
for every g in H. 

In the sequel, for a path 7 in F, we denote a lift of 7 to F nmv by 7 unlv . By 
we have 

(34) I a = f (pf iv )*a= f dcv*S= / a. 

Let 7 be a closed path on F whose endpoints are xq. We denote the element 
of 7r 1 (_F,xo) represented by 7 by the same symbol 7. Let X 1 be the left invariant 
vector field on G such that expX 7 = hol( 7 ). Let X™ iv be a lift of X 1 to F univ 
which is invariant by the action of hol(7Ti(F, xo)). Let X 1 be the vector field on F 
whose lift to F univ is X™ iv . Let lx be the orbit of x in F of the flow {^} te[0 ,i] 
generated by X 7 . It follows that dev, 7" nlv is an orbit of the flow generated by X 1 
from the definition of X 7 and j x . Hence we have 

(35) dev, 7 r iv W = dev, 7^(0) • exp(tX 7 ). 
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We take the lifts 7 univ and 7 ™ iv of 7 and -y Xo to F univ so that 7 univ (0) = 7™ iv (0) 
Xq" 1v , respectively. Then, by © and (j3"5j) . we have 

(36) dev* 7 ^ iv (0) = e = dev* 7 univ (0), 

(37) dev* 7^ iv (l) = hol( 7 ) = dev* 7 univ (l). 

Since G is simply connected, (|36l) . ([3"T| and the Stokes theorem imply 



(38) a= a= I a= a. 

J 7 J dev* '-y umv J dev* 7£ mv J 7^ 

It follows from fl3S) and dev( 7 ™ iv (0)) = e that 
(39) 

dev * 7" mV = (^dcv(7S" iv (0))-dcv( 7 ™ v (0))- 1 )* dev * 7™' V = (- R dov( 7 ™-(0)))* d eV* 7" 

If 7 and a; are contained in Fb, then we can take 7™ lv so that dev(7" mv (0)) is 
contained in H. By using (j34|) , p9|) . (|33[) and (f34|) . in this order, we have 



umv 





(40) a = a = a = a = a. 

Since X 7 satisfies the condition of X in the statement of Lemma [24j we have 

(41) J_(J a)vol^)=0 

by the assumption. 

By O, gOJ) and flU), we have 

(42) f a = 0. 

J7 

Then a|^ 6 is exact. Hence there exists a basic function h on (i 7 ^, J-"|_F b ) such that 
dh = a\p b . But since the leaves of (Fb, F\p b ) are dense, h is constant. Then we 
have a = dh = 0, which completes the proof of (i). 
In the following five paragraphs, we will show 



(43) / a 



7x 



for every point x on F. 

Let us show that [a] in H 1 (F; R) is contained in the image of (n^p)* : H 1 (F/Fb; R) 

H 1 (F; R), where 7T& : M — > M/ Fb is the basic fibration of (M, F). Since a is basic 
with respect to F, we have c^*a = a for a diffeomorphism (f> which maps each leaf 
of F to itself. Each leaf L of F is dense in the leaf Lb of Fb\p which contains L. 
Hence the orbits of the group of diffeomorphisms which map each leaf of F to itself 
is dense in Lb- So we have (Ly(x) x — for every point x on M and every Y in 
T X M tangent to Lb- Since a\L b is zero by (i), a is basic with respect to Fb- Thus 
[a] in if^FjR) is contained in (7r 6 |j ? )*(ff 1 (.F/.F 6 ;R)) in ff^R). 

The path 7^ may not be closed in general. But let us show that (TTb)*Jx is 
closed, where -Kb ■ M — > Mj Fb is the basic fibration of (M,F). Let H be the Lie 
subgroup of G defined by the closure of hol(7Ti(F, Xq)). The structural Lie algebra 
of the Lie foliation (Fb, F\F b ) is Lie(i7), and hence d\n\H = cod(Fb, F\f,,)- By the 
equivariance of the developing map in (|9|) , the map dev : F unlv — > G induces a map 
devc/H'- F — > G/H. Furthermore, devc/H induces a map w: F/Fb — > G/H. 
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Since w is a submersion between two manifolds of the same dimension, zu is a 
covering map. Since w is injective as easily confirmed, w is a diffeomorphism. 

Let Xb be a vector field on F ' jTh induced from X 1 . Let X G / H be a vector field 
on G/H induced from a vector field X 1 on G. By definition of X 1 and X y , we 
have 

(44) n7*X G/H = X b . 

Recall that j x is the orbit of x of the flow {0t}o<t<i generated by X 1 from time 
zero to time one. Thus {-Kb)*"1x is the orbit of x of the flow generated by Xb from 
time zero to time one. By (|44|). 137 maps an orbit of the flow generated by Xb from 
time zero to time one to an orbit of the flow on G/H generated by the vector field 
Xq/h from time zero to time one. Here the time one map of the flow generated 
by Xq/jj is the identity, because this map is induced by the time one map of the 
flow on G generated by X y , which is the right multiplication map by an element 
of hol(7Ti(F, Xq)) by definition of X™. Hence (~Kb)*lx is a closed path on F/Fb for 
each x. 

The homology class determined by (7rf,)*7a; in F/Fb is independent of x. This is 
because j x and 7 a are bounded by a 1-parameter family of closed paths on F/Fb 
of the form {7i( s )}o<s<ii where I is a path on F such that 1(0) = x and /(f) = y 
for every two points x and y in F/Fb- 

Thus, by the argument in the previous three paragraphs, [a] is contained in 
(■Kb\ p)* (H 1 (F / Fb] K)), and (TTb)*j x determines the same homology class of F/Fb 
for every x. Hence (|43p is proved. 

By (08]), CH]) and (j43]), we have 



(45) a = 0. 



1 



Hence (ii) is proved. □ 

5.4. Two lemmas on a fiber bundle over S 1 with fiberwise Lie foliations. 

We will show two lemmas to use in the next section. Note that (F, Fb\p) is trans- 
versely orientable by the assumption of the orientability of both of F and the basic 
fibration rr b : M — > M/F b of (M, F). 

Lemma 25. Assume that the conditions (c) and (d) of Proposition \2l\ are satisfied. 
Let 7: S 1 — > M be a smooth embedding in M . Assume that 7 is transverse to the 
fibers ofn-p, and that 07 is an embedding. Let M' — 7T- 1 (ir ^(S 1 )) . Then there 
exists a flat connection V on ~k^\m' which satisfies the following four conditions: 

(A) : The holonomy map f : F — > FofS7 preserves the foliation Fb\p- 

(B) : The holonomy map f of V preserves a transverse volume form t^p/jr b 

of{F,F b \p). 

(C) : We denote the inverse map ir-p o ^(S 1 ) — > S 1 of ir^ 07 by ip. We 
define a section 71 of ~Kj\m' by 71 =701/1. Then 71 is a section parallel 
to V. 

(D) : There exists a vector field Zy such that the orbits of the flow generated 
by Z\/ is parallel to V and the restriction of uJi(Z\?) to each fiber of t:^ is 
constant. 
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Proof. Let X^ be a section of TM\m> on M' such that is projected to X- 7 by 
the canonical projection C°°{TM\w) — > C°°((TM /TF)\m>) for 1 < j < q. There 
exists a vector field Y tangent to T defined on 71 (S 1 ) and functions hi, hi, • ■ • , h q 
on S 1 such that 




where (D^i) t is the differential map of 71 at a point t. Let Y' be a vector field on 
M' which is tangent to T and whose restriction to 71 (S 1 ) is equal to Y. We define 
a vector field Zy on M' by 

(47) z v = y + Imo*^)^'- 

3=1 

The restriction of Zy to 71 (S 1 ) is equal to the tangent vectors of 71 by ([4*6]) . Zy is 
basic with respect to F and transverse to the fibers of 7r^. We define a connection 
V on tt^ by the line field tangent to Zy at each point on M'. It is trivial that V 
is flat, because every connection on a fiber bundle over S 1 is flat. 

Let us show that V satisfies the conditions (A), (B), (C) and (D). Here, A" J 
is basic with respect to J-\m' by the condition (d) of Proposition "2U Hence Zy 
is also basic with respect to T\m* by definition. On a foliated manifold, the flow 
generated by a basic vector field maps leaves to leaves by Proposition 2.2 of Molino 
[15] . Then the flow generated by Zy also maps fibers of tt^\m' to fibers of 7T^|m'- 
The time one map of the flow generated by Zy maps F to F itself. Since the orbits 
of the flow generated by Zy are parallel to V by definition, the time one map of 
the flow generated by Zy is the holonomy of V. This proves that V satisfies the 
condition (D). Since the restriction of Zy to 71 (S 1 ) is equal to the tangent vectors 
of 71, the condition (C) is satisfied. Since Zy is basic with respect to T ', the flow 
generated by Zy maps the leaves of T to the leaves of T. Since the leaves of Th 
are the closures of the leaves of F, the flow generated by Zy maps the leaves of 
T\, to the leaves of Fb- Hence / satisfies the condition (A). By the conditions (c), 
(d) of Proposition |2"T1 and Lemma [23] (ii), (F, J-\p) is a Lie foliation. Let G be a 
connected Lie group such that (F , F\p) is a G-Lie foliation. We can assume the 
simply connectedness of G as noted in the second paragraph of Section [5] Let H 
be the Lie subgroup of G such that Lie(ff ) is the structural Lie algebra of the Lie 
foliation (Fb, J~\F b )- We denote the universal cover of F by 

(48) pf iv : F univ — > F. 
We recall the notation 

(49) qp = cod(F,^\p) 
and let 

(50) q b j=cod(F,F b \ F ). 

Note that dimG = qp and the codimension of H in G is equal to q b p. We regard 
(Lie(G)/Lie(if))* as a subset of Lie(G)* consisting of the elements whose restriction 
to Lie(if) is 0. Fix a basis /3 2 , • • ■ , ]3 qp } of Lie(G)* so that {f3 1: ~j3 2 , ■ ■ ■ , ~f3 % _ } 

is a basis of (Lie(G)/Lie(iT))*. Note that dev^ /3j is n%F- invariant. Let /3j be the 
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1-form on F induced by the 7riF-invariant 1-form devg /3j on F nnlv for 1 < j < qp. 
Then the restriction of [3j to each leaf of T is zero for 1 < j < q b ^ . Note that the 

Maurer-Cartan form of (F,F&|^) is given by the equation (|29l) . Hence, by (V) of 
Section [31 we can write 

If 

(51) 

i=l 

for each j for some constants 1 < i < qp. 

We define a transverse volume form (J-p/jr b on (F,Fb|p;) by 

(52) f*F/r b =Pi A fo A '-' A Pi b ,r 
Since Hp /jr b is closed, we have 

(53) Lz^Hp/^ =dL Zv HF/r b =di Zv {Pi A /3 2 A • • • A /3 g ^ -). 

Here we recall q bF — cod(F, Ff,| ^;). Note that Wi(Zv) is constant on F by definition 

of Zy. Then f3j(Zy) is also constant on F. We can write dj3i as a sum of f3j A /3fc 
on M as 

(54) d J 8 i = ^ cf/3,A/3 fc . 

l<j<fc<g 

Then the restriction of c^ fc to F is constant by the condition (c) of Proposition |2~T1 
Then there exists a constant Cq such that 

(55) A/3 2 A---A/3 gbP ) x =C (/3i A /3 2 A • • • A A^)^ 

for every point x on F. By (|53| and ([55]) . we have 

(56) {L Zv lip/j, b ) x = C (iip /:Fh ) x 

for every point x on F. In the same way, there exists a constant Cq such that 

(57) (L Zv HF/F b )x = C l(^F/F b )x 

for every point x on 7T~ (f) for each £ in tt^ o "/(S 1 ). By (1ST)) . / satisfies 

F 

(58) f>F/F h = C ^F/F b 

for a constant C\. Let F/F& be the leaf space of (F,F&|^). FjTb is a closed 
manifold. This F/Fb is orientable by the transverse orientability of (F,F&|^). Let 
/ be the map induced by / on F/Ff,. Since Hpfjr b is basic, it is a pull back of a 
volume form A*F/.F b 011 F /2~b- We have 

(59) 7*^*7^ = C ^F/F b 

Hence C\ is equal to 1, because C\ is equal to the mapping degree of a diffeo- 
morphism /: F/Ff, — > FjTb- It follows from (|58|) that V satisfies the condition 
(B). □ 

A section of C°°{t\ k T*T) is called a leafwise /c-form on (M, F). If fc = dimF, a 
leafwise fc-form is called a leafwise volume form on (M, F). The wedge product in- 
duces a natural operation C°°(A k T*T) ® C°°(A q (TM/TF)*) — > C°°(A 9+fe T*M). 
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Lemma 26. Let 7: S 1 — > M be a smooth embedding in M. Assume that 7 
is transverse to the fibers of n^, and that ir-p o 7 is an embedding. Let M' — 
7r^ 1 (7r^(7(5 1 ))). Fix a fiber F of tt^\m j cmd a 'point xq on F. Let V be a flat 
connection on tt^\m'- Let f: F — > F be the holonomy of the flat connection V 
with respect to the path 1^07. For x on F, let be the lift of the path 1^07 to 
M' such that y x (0) = x and 7^ is parallel to V. Let a be a closed 1-form on M 
such that [a\p] = in H 1 (F;M.) and a\i, b = on each leaf Lb of (F^blp). 

We assume that V satisfies the conditions (A), (B) and (C) in the statement of 
Lemma \2b\ Let vo\p be a volume form on F. Then we have 

(60) 

Proof. First, we shall show that there exists an isotopy {</> s }se[o.i] on F such that 

(i) <j>o = idp, 

(ii) / o <f>i preserves volp, 

(iii) (j> s maps each leaf of J- to itself and 

(iv) <f> s fixes xq 

by the assumption and a leafwise version of Moser's argument in below. The leafwise 
version of Moser's argument was used by Ghys in [5] and by Hector, Macias and 
Saralegui in [13] . Let r\j: h be the leafwise volume form on (F, J-'blp) such that 

(61) r)j^ b AHp /:Fb =volp. 

Since each leaf Lb of Tb\p is compact and oriented by the assumption, / maps the 
fundamental class of Lb to the fundamental class of f(Lb). Then we have a leafwise 
(dim J~b — l)-form a on (F, J-b\p) such that da = f*r\T b — r\T b - By adding a closed 
(dim J-;, — l)-form supported on an open neighborhood of xq to a, we can modify a 
so that o~ Xo = and da = f*i]jr b — r\jr b are satisfied. Since rjjr b is a leafwise volume 
form on (F,Tb\p), there exists a vector field Y on F tangent to leaves of JF such 
that —LyTj^ = o~. Let {4> s }seR be the flow generated by Y. Let rj s = 77.77 + sda. 
We have 

(62) = C (L YVs + %) = €d{m + *) = 0. 
Hence we have 

(63) <f>lf*VF b = <t>iVi =Vo= Vn- 

Thus / o (f> 1 preserves rjjr b . Here, <fi s maps each leaf of T to itself, because Y 
is tangent to leaves of T . Then clearly preserves the transverse volume form 
f^F l T b ' Since / preserves l^p/j^ b by the assumption, by (|6Tj) and (l63l) . we have 

(64) (/o^fvolj? = (/o0x)*r^ A (/ o (f>i)* Hp /:Fb = r)j? b A/x^ = volp. 

Hence f o 4>i preserves volp. Since a Xo = 0, we have Y Xa — 0. This implies that <j) a 
fixes xo- 

Using {0s}se[o,i]: we can construct a smooth family {V s } s6 [ 0! i] of flat connec- 
tions on ~Kj\m' such that Vo = V and the holonomy of V s with respect to 7r^ o 7 
is / 0s- Since each <fi s fixes Xq, we can take {Vsj^^i] so that 

(65) ll=l!o 
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for < s < 1. For x in F, let 7J 1 be the lift of the path tt^ o 7 to M such that 
7x(0) = x and j x is parallel to Vi. We take a function /i on F so that d/i — a\p. 
For each point x in i* 1 , we have 

(66) / 7 v a + o f(xj) - h(f(x))) - a = 

by the Stokes' theorem. By the assumption on a, the restriction of h to each leaf of 
Fb\p is constant. Since <j>\ o / maps each leaf of J 7 to itself, we have h(<f>i o f(x)) — 
h(f(x)) = 0. Hence, by (f66|) . we have 



(67) y v a-/„ a = 

for each point a; on F. Then we have 



«*) /. ! / , - )vol^- /_( / ^a]vol^= /_( y a- / ^ a ) vol p =0 



For each point x on F, we have 

(69) (h(x) ~ h(x )) + / 7 v, a + o ^(so)) - - a = 

by the Stokes' theorem. We get 



7* 



(70) / g (/ Vi a)vol^-( /.v,,l,,)( / n| 

as follows: 




VOlj? 



volj? 



= iF(4 Via -Ajo lQ! ) 

= f F (-(h(x)-h(x )) - (h(f o M*o)) - Hf ° Mx)))) ™l F 

= - Jf(H x ) - h (%o)) Volf + Jp(h(x) - h[x ))<f>tf* voljr 

= o, 

where we used (|65|) in the first equality, ([69| in the fourth equality and 4>lf* vo\p = 
vols in the last equality. The equation (|60|) follows from (|68|) and fjTOj) . □ 



5.5. £(.F) = [Kb] on M. We will show a lemma which will be used to complete the 
proof of Proposition [21] (ii). Note that a will be considered to be £(.F) — in the 
application in Section 5.6. 

Lemma 27. ^4ssitme i/iai the conditions (a), (b), (c) and (d) of Proposition \%T] 
are satisfied. Assume that 70 in tti(M,Xo) satisfies the following conditions: 70 
is represented by a smooth path 1' : [0,1] — > M which factors a smooth embed- 
ding Iq : S 1 — > M and is transverse to the fibers of ir-p, and 7T^ o l is a smooth 
embedding. Let a be a closed basic l-form on (M,J-) which satisfies the following 
conditions: 

(i) a\ Lb = for each leaf L b of (F, T b \p). 
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(ii) a\p is exact. 

(iii) For any submanifold M' of M which is a union of fibers of tt^, 

(71) / ( / a) vol M ,(x) =0 

Jm> W 7jc j 

is satisfied for the flow {4>t}te[o,i] generated by every vector field X such 
that uJi(X) is constant on each fiber of ir^ for each i, where j x is the orbit 
of x of the flow {^}t e [o,i] ■ 
Then we have 



(72) f a 

" 70 



0. 

'70 

Proof. Let 

(73) K = irf olds 1 ), M' = tt^(K). 

M' is a submanifold of M which is a union of fibers of tt^ by the assumption on 
To- 

By the condition (a), we have 

,74) I (/, a ) ™ u " (i) = L (/„ (/,. °) m> *) ■ 

By the conditions (c), (d) and Lemma [231 there exists a flat connection V on 
the fiber bundle M 1 — > K which satisfies the conditions (A), (B), (C) and (D) in 
the statement of Lemma 1251 By condition (D) and the assumption (iii) , we have 

(75) / ( / a)vol M ,(x)=0. 

Jm' W 7x ' 

Since the assumptions of Lemma [26] are satisfied by the conditions (A), (B) and 
(C), we have 

<76) UJJJ^-{U^){L a ) 

for each t in K by Lemma [26] By condition (b) and Lemma [20] the volume of fibers 
of tt^ is constant. By (|74|) . (|75]l and ([76]), we have 

(77) / a = 0. 

Hence Lemma [27] is proved. □ 

5.6. Proof of Proposition |2T1 (ii). By the homotopy exact sequence of the fiber 

bundle ir^, we have an exact sequence 

(78) 

, (tt=), 

7r 2 (M/J-,7r^(x )) ^7Ti(F,a;o) »-7n(Af, x ) ni(M/F, w?{x )) 0. 

By Lemmas |2"21 and [2^1 we have Hb\h b — Kb\L b f° r every leaf Lb of (F,Fb\p) and 
[^blp] — l/^blp] = 0- This implies that [/c&] — [Kb] vanishes on the image of l. Then 
Lemma [2"T1 implies J {Kb — Kb) — for 7 in ni(M, xq) such that 

• 7 is transverse to the fibers of 7r^ and 

• tt~ o 7 is an embedding. 
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Note that w%(M/J : , tt^(xq)) is generated by the loops of the form where 
7 runs on all of the closed paths satisfying these two conditions. Hence we have 
[K b ] = [K b ] in H 1 ^!;^. 

6. Continuity of the Alvarez classes 

We will show Theorem [1] for smooth families of orientable transversely paral- 
lelizable foliations using Proposition [2TJ We will use the notation of Definition [12] 
(ii). 

6.1. A family version of the Molino theory. Let U be a connected open set in 
R which contains 0. Let M be a closed manifold, and {^ jteu be a smooth family 
of orientable transversely parallelizable foliations of M over U given by a smooth 
foliation „F amb of M x U. We define a distribution D on M x U by 

(79) D M ={ve T [x>t) {M x U) | vf(x,t) = 0,V/ G C b °°(Af x U,F an *>)}, 

where Cg°(M x [/, J" amb ) i s the space of basic functions on (M x U, J 7 ™ 13 ). By the 
standard argument of the Molino theory on D, we shall obtain the following proper- 
ties of D similar to the properties of the basic foliation of transversely parallelizable 
foliations: 

Lemma 28. (i) (M x U, J 73 -™ 15 ) is fiberwise transitive, that is, for each two 

points [x, t) and (y,t) in M x U with the same second coordinates, there 
exists a diffeomorphism f of M x U which preserves J? amh and satisfies 
/O) = V- 

(ii) The dimension of D^ x t ^ is independent of x. 

(iii) -D|mx{*} is integrable, and we have a foliation T> 1 of M x {t} defined by 

D\Mx{t}- 

(iv) The leaf space (M x {£})/£>* is a closed manifold and the canonical pro- 
jection M x {t} — > (M x {i})/2?* is a smooth fiber bundle with compact 
fibers for each t. 

Proof. Fix to on U. Let A^ mb be a vector field onMxf which is projected to A^ mb 
by the canonical projection C°°(TM) — > C°° (TM/TF) . By the compactness of 
M, for a relative compact open neighborhood U' of to in U, each X* mb generates a 
flow {</>f }sgH on M x U' . By the proof of Theorem 4.8 of Moerdijk and Mrcun [15] . 
for each two points (x, to) and (y,to) in M x {to}i there exists a diffeomorphism 
/ of M x {i } which is a composition of | M x{t }, ^ 2 |Mx{t }, • •) ^g ? |Mx{t } 
for some Sj and diffeomorphisms of M x {to} preserving each leaf of J 7 ' whose 
supports are contained in a foliated chart of F ta . Since X^ mb is basic with respect 
to (M x £/', J 7 ™ 13 ), 0f* preserves J 7amb . We can extend diffeomorphisms of M x {i } 
which preserve each leaf of J 7 * and whose supports are contained in a foliated chart 
of J 7 ' to diffeomorphisms of M x U' preserving each leaf of J~ &mh . Then / extends 
to a diffeomorphism of M x U' preserving F amh as a composite of c^ 1 , cj)^ 2 , • • • , 0q 9 
and diffeomorphisms of M x J7' preserving each leaf of F &mh . This proves (i). 

Properties (ii), (iii) and (iv) follow from (i) and the proof of Theorem 4.3 of 
Moerdijk and Mrcun [18]. We write down the proof for the sake of completeness. 
Since T>\mxU' is preserved by a diffeomorphism of M x U' preserving .F amb by 
definition, (ii) directly follows from (i). Let (x,t ) be a point on M x {t }. By (ii), 
T>\ Mx f to \ is a vector bundle on M x {to}- Let Z\ and be two local sections of 
£>|Mx{t } defined near (z, t ). For every / in C b °°(Af x [7, J 7 ™ 13 ), we have [Z u Z 2 ]f = 
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Z\Z 2 f — Z 2 Z\f = 0. Then [Z\,Z 2 ] is a section of £>|mx{«}- Hence T>\mxU} is 
integrable, which proves (hi). Let L be a leaf of the foliation defined by T)\Mx{t }- 
Let a; be a point in L. Let k(to) = dim M — dim D to . By definition of T>, there exists 
basic functions fi, f 2 , ■ ■ • , /*(*„) on (M x [7, J" amb ) such that d/i A df 2 A • • • A df fc(to ) 
is nonzero at x. Since each fi is basic, d/i A d/2 A ■ • • A dfk(t ) IS nowhere vanishing 
on an open saturated neighborhood U' of L in (M x U, J amb ). Then the map </> 
defined by 

(80) ^ 



2; 



(/l(«),/2 («),••• ,/fc(t )W) 



is a submersion such that one of the fibers of is equal to L. Shrinking U', we can 
assume that the fibers of <j> are connected. Since each fiber of (f> is saturated by £)*, 
each leaf of D f near L coincides with a fiber of <j>. Then <^> gives a local trivialization 
of a fiber bundle. Hence (iv) is proved. □ 

Since D is a closed subset of T(M x U) by definition of D, the dimension of D( x ,t) 
is upper semicontinuous with respect to t. If the dimension of D/ x>t -\ is constant with 
respect to t, then the leaves of T> are fibers of a smooth submersion whose restriction 
to M x {£} is equal to the canonical map M x {i} — > (M x {£})/£>* for each t. 
In this case, the continuity of the Alvarez class follows without Proposition [21] (sec 
Example 17. lj) . When the dimension of D jumps, we have only a family of smooth 
proper submersions defined by D which changes discontinuously with respect to t. 

6.2. Verification of the conditions of Proposition |2T1 Let U be a connected 
open set in M. e which contains 0. Let M be a closed manifold, and {J 7 *}^^ be a 
smooth family of orientable transversely parallelizable foliations of M over U given 
by a smooth foliation J^ anlh of M x U. We define a distribution D on M x U by 
(f79|) . By Lemma [28] (iv), D\Mx{t} defines a foliation V* of M x {£} whose leaves 
are fibers of a submersion. We denote the projection M x {0} — > (M x {0})/2?° 
by 4. 

To apply Proposition [2T1 to our situation, we prepare two lemmas. 

Lemma 29. There exist an open neighborhood U' of m J7 and a smooth proper 
submersion : M xU' — > (M x {0})/X>° such that 

(i) 4 mb |Mx {0} = 4 a^rf 

(ii) each fiber of tt^ImxU} * s saturated by the leaves of JF l for each t inU' . 

Proof. Let k — dimAf — dim!) . For each point (x,0) on M x {0}, there exists a 
/c-tuple of leafwise constant functions f x i, f x2 , • • • , f x k globally defined on (M x 
U, J 781 "*) such that (df x \ A df x2 A ■ • • A df x k)/ x m is nonzero by definition of D. Then 
dfxi A d/a;2 A • • ■ A d/^fe is nowhere vanishing on an open saturated neighborhood V x 
of (x, 0) in (M x U, T^). We define a map <f> x by 



(81) 



— >• R k 

Z ' > {fxl{z)Jx2{z),--- ,f x k(z)). 



This (f> x is a submersion, because df x \ A d/2;2 A • ■ ■ A d/^fe has no zero on V x . We can 
assume that the fibers of 4> x is connected after shrinking V x . Let V x = {(p x (V x (~l 
(M x {0}))). This V x is also an open neighborhood of x in. M x U. Since (f> x {V x ) = 
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</>x(V x ), for each point z on V%, there exists a leaf L z of D° such that 4> x (z) = <fi x (L z ). 
Since the fibers of 4> x are connected, L z is unique. We define a map by 

(82) V * V */ V ° 

z i > L z . 

%j} x is a smooth submersion which maps each leaf of J 7 ' to a point. Note that 
iPx\mx{o} is the restriction of the projection it 1 -, to M x {0} by definition. It 
follows that ipx\Mx{t} is a submersion, because i/'rcU/xft} is of the same rank with 
^x|mx{0}- By the compactness of M, there exists a finite set of points {a;j}™ = i 
such that U" =1 V^. contains M x {0}. There exists an open neighborhood U\ of 
in U such that M xU\ is contained in U™ =1 V^'.. Let be a partition of unity 

on (M x {0})/2?° with respect to a covering {^(VJ. n (M x {0}))}™ =1 . We fix a 
smooth embedding i : M x {0} — > M. m to the m-dimensional Euclidean space. We 
define a map by 

*i: MxU t — > R m 

Note that each leaf of is mapped to a point by by definition. "J^mx-TO} is 
equal to j o ttj, by definition. Since ip x \Mx{t} is a submersion to (M x {0})/.F 
and t is an embedding, there exists an open neighborhood U2 of in U\ such that 
^i|Mx{t} is a map of constant rank for every t in U^- Hence ^l\(M x {i}) is a 
smooth submanifold of M. m , and ^lU/xft} is a smooth submersion on the image for 
t in U2. There exists an open neighborhood U' of in U% such that \I/i(M x {t}) 
is the image of a section of the normal bundle in a tubular neighborhood W of 
l(M x {0}) for every t in U'. We denote the projection W — > l{M x {0}) of 
the tubular neighborhood by pw Let n l ~ ah — pw j &i\mxU'- Then 7r™ b is a 
submersion and an extension of tt'- which satisfies the given conditions. □ 

Let 7T~ = 7r™ b | Mx { t } for t in U' . We write T l for a foliation of M x {t} defined 
by the fibers of it 1 -. 

Lemma 30. There exists a smooth family {g t }teu i of Riemannian metrics on M 
such that 

(i) g is bundle-like with respect to both of (M, J 7 *) and (M, J 7 *) and 

(ii) the leaves of J- 1 are minimal submanifolds of [M x {t\,g ) for each t in 
U'. 

In particular, the conditions (a) and (b) of Proposition^]] are satisfied by M x {0} ; 
J*>, F° and g°. 

Proof. It is well known that a Riemannian foliation Q on a closed manifold TV 
defined by a proper submersion is minimizable. For example, see Corollary 2 of 
Haefliger [12]. Then there exists a Riemannian metric g& mh on M x U' which is 
bundle-like with respect to the foliation defined by the fibers of n-p and each leaf of T 
is a minimal submanifold of (M x C/',5™ lb ). Let g\ = gf ah \Mx{t}- Then the leaves 
of J 7 * are minimal submanifolds of (M x {t}, g\). Let be the characteristic form 
of (M x {i}, J 7 ', g\). We can take a family of metrics {gfyteu on a family of vector 
bundles T(M x {tD/TJ 7 ' = (TJ rt ) ± on M such that g\ is transverse with respect to 
both of J 7 * and J 7 '. We can extend the family of metrics {g^jteu on {{TT t )^}teu 



26 



HIRAKU NOZAWA 



to a family of Riemannian metrics {<7*}te£/ on M so that the characteristic form of 
(M, _F* , <?*) is equal to x t . Then g l is bundle-like with respect to both of J 7 * and T 1 . 
By the Rummler's formula (see the second formula in the proof of Proposition 1 in 
Rummler [24] or Lemma 10.5.6 of Candel and Cordon [3]), the mean curvature form 
of a Riemannian manifold with a foliation is determined only by the characteristic 
form and the orthogonal complement of the tangent bundle of the foliation. Since 
the characteristic form of (M x {t},J 7i , is equal to x*, the leaves of T l are 
minimal submanifolds of [M x {f},^*). □ 

We will confirm that the conditions (c) and (d) of Proposition |2"T1 are satisfied in 
the present situation. 

Lemma 31. The conditions (c) and (d) of Provosition [21\ are satisfied by [M, J-" , g°) 
and 7r~. 



Proof. Let {wi}f=i on ( M x ■7 7ainb ) be the set 01 basic 1-forms on (M x U, J" amb ) 
such that uii{X b ) = 6%j, where Sij is the Kronecker's delta, dioi is written as 



U, J 7anlb ), c\ is a basic function on [M x U,J- llnlh ). Hence the restriction of c{ k to 
each fiber of T° is a constant by definition of V. This proves that the condition (c) 
is satisfied. 

Let (3 be a 1-form on (M x {0})/T°. Then 7T-/3 is a basic 1-forms on (M x 
U,F &Tah ). It follows that TT*~l3{Xl mh ) is a global basic function on (M x [/, J" amb ). 
Hence the restriction of K*~P{X l arah ) to each fiber of J 70 is a constant by definition 
of V. Hence the image of - 5 QmblMx{o} by the canonical projection C°°(T(M x 
{0})/TT°) — > C°°(T(M x {0})/TJ-°) is a transverse field on (M x {0}, This 
proves that the condition (d) is satisfied. □ 

6.3. Proof of the continuity Theorem Q3 Let M be a closed manifold and 
{.F'jtgfy be a smooth family of transversely parallelizable foliations of M over U . 
We consider the distribution D defined by the equation ([79)) . By Lemma [28j a 
proper submersion V~: M x {0} — ?> (M x {O})/!? is defined by the restriction of 
D to M x {0}. By Lemma[29l we can take an open neighborhood {/' of in U and a 
proper submersion 7T~ nb : M x U' — > [M x {0})/V° such that 7T_^|mx{0} = ^% an( i 
each fiber of ir^\Mx{t} are saturated by the leaves of J 7 * for each f in U'. We denote 
the foliation of M x {f} defined by the fibers of 7T^|jvf X {t} by J 7 '. By Lemma [30l 
we take a smooth family of metrics {g l }teu' on M such that the fibers of 7r~ are 
minimal submanifolds of (M x and <?* is bundle-like with respect to both 

of (M, J 7 *) and (M, J 7 *) for each t in [/'. We denote the mean curvature form and 
the Alvarez form of (M, J 7 *,^*) by k* and «;|, respectively. We define H\ = p^{K r ). 



Let us show Theorem[T]by using Propositionl2T1and Corollary 4.23 of Dommguez 
in 0. 



(84) 




l<j<k<q 




is a transverse field on (M x 



CONTINUITY OF THE ALVAREZ CLASS 



27 



Proof of Theorem^ By Lemma fT8l it suffices to show the case where M, J 70 and 
the basic fibration of (M, J 70 ) are orientable. By Lemmas l30l and I3T1 the conditions 
(a), (b), (c) and (d) of Proposition [5T] are satisfied. Hence, by Proposition [5TJ 
is closed and = [k®]. By Corollary 4.23 of Dominguez [5J, we can modify the 
component g t \TJ rt ®TJ rt along the leaves of {<7*}teT' so that k° = k®. Note that re£ 
may not be closed for nonzero parameter t in T". 

For a smooth loop 7 in M, we have the following evaluation: 



< 



< 



( K 6 — K *b*j 



(sup ^(s) )( sup k£(:b) - k*(:e) 
v s£ gi as / K x£Mx{t} 



where || • || is a norm induced by g t . Since k£ converges to k® = k , the first and 
the second term converges to as t tends to 0. Then we have lim t _>o J. K l — I 



and the proof is completed. 



□ 



By Proposition 5.3 of Alvarez Lopez pQ, every closed 1-form cohomologous to 
the Alvarez class of (M, J 70 ) is realized as the Alvarez form of (M, J 70 , 3) for some 
bundle-like metric g. Proposition 5.3 of Alvarez Lopez is simpler to prove than the 
Corollary 4.23 of Dominguez [5], which is used in the proof of Theorem [1] above. 
But we do not know if we can replace Corollary 4.23 of [S] by Proposition 5.3 of [T] 
in the proof of Theorem [1] 

In fact, by Proposition 5.3 of Q~], we can modify the component <?' Itjf^t.f* 
along the leaves of {g t }t&T i so that k° = 



But we do not know if 



converges to as t goes to here. Note that — k*J may not converge to 

as t goes to in this situation. This is because k\ is defined by integrating the 
mean curvature form on each leaf closure of J- 1 and the dimension of the closures 
of leaves of T 1 can change on any small open neighborhood of 0. 



7. Examples of Riemannian foliations 

7.1. A special case where the families of Molino's commuting sheaves are 
smooth. Let {J 7t }t e T be a family of Riemannian foliations on a closed manifold M. 
If the dimension of the closures of generic leaves of T 1 is constant with respect to t, 
then the family of Molino's commuting sheaves of {J 7 *} is smooth (see pages 125- 
130 and Section 5.3 of Molino [19] for the definition of the Molino's commuting 
sheaf of a Riemannian foliation). Since the Alvarez class of (M, J 7 *) is computed 
from the holonomy homomorphism of the Molino's commuting sheaf of [M, J 7 *) by 
Theorem 1.1 of Alvarez Lopez [2], the Alvarez classes of this family are continuous 
with respect to t. Our main continuity Theorem Q] is essential in the case where 
the dimension of the closures of leaves changes. If the dimension of the closures 
of leaves changes, we cannot prove the continuity of the Alvarez class as above or 
directly by an application of deformation theory to Molino's commuting sheaves. 
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In fact, the family of the Molino's commuting sheaves must be discontinuous in this 
case, because the rank of the Molino's commuting sheaf is equal to the dimension 
of the closures of generic leaves of J 7 * . 

7.2. Families of homogeneous Lie foliations. Let p: L — > G be a surjective 
homomorphism between Lie groups. Let L be a uniform lattice of L. A foliation T 
on a homogeneous space T\L is induced by the fibers of p. This T has a structure 
of a G-Lie foliation. Such T is called a homogeneous G-Lie foliation. By deforming 
L, G, p and L, we may produce families of homogeneous Lie foliations. The Alvarez 
class is computed in terms of Lie theory by the interpretation of the Alvarez class 
as a first secondary characteristic class of Molino's commuting sheaf by Alvarez 
Lopez (Theorem 1.1 of [2). But the author does not know an example of a family 
of Riemannian foliations whose Alvarez classes change nontrivially obtained in this 
way. In many cases, the Alvarez class does not change as we will see in the following. 
If G is nilpotent, then _F is of polynomial growth. Then the Alvarez class does not 
change under deformations of T by CorollaryE] If L is solvable, then L is polycyclic 
(see Proposition 3.7 of Raghunathan [22 ). Then the Alvarez class does not change 
under deformations of T by Corollary |3] If G is semisimple, the structural Lie 
algebra of the Lie foliation defined on the closure of leaves of T is semisimple. 
Then T is minimizable by Theorem 2 of Nozawa 20 . 

7.3. Meigniez's examples: Families of solvable Lie foliations. Meigniez con- 
structed plenty of families of solvable Lie foliations which are not homogeneous by a 
surgery construction on homogeneous Lie foliations in [16] (see also [17] , in particu- 
lar, pages 119-122 for an explicit example). These families contain many examples 
of families of Lie foliations whose Alvarez classes change nontrivially. 

7.4. Basic cohomology of Riemannian foliations is not invariant under 
deformations. We present an example of a family of Riemannian foliations whose 
basic cohomology changes. Let M — S 1 x S 3 . Let a be the free ^-action on S 3 
whose orbits are fibers of the Hopf fibration. Let p be the T 2 -action on M which is 
the product of the principal S^-action on the first S^-component and a. For each 
element v of Lie(T 2 ) — {0}, let T v be the Riemannian flow on M whose leaves are 
the orbits of an R-subaction of p whose infinitesimal action is given by v. Then we 
have a smooth family {^ r t ) } t ,gLie(T 2 )-{o} °f Riemannian flows on M. Let v\ and v<i 
be the infinitesimal generators of the principal S^-action on the first S^-component 
and cr, respectively. Since M/J r Vl = S 3 and M/F V2 = M/a — S 1 x S 2 , clearly the 
dimension of Hl(M / F Vl ) and Hl(M / F V2 ) arc different. 

8. Examples of non-Riemannian foliations 

8.1. Turbulization. Let IF 1 be a product foliation T 2 = Lleies 1 !^ 1 ) x S 1 on 
Let J 70 be a turbulization of J- 1 along a closed curve {^} x S . This J 70 is not 
minimizable by a theorem of Sullivan (see 26 ), because J 70 has a tangent homology 
defined by the Reeb component. Note that J 70 is a limit of 1-dimensional foliations 
on T 2 which are diffeomorphic to J 71 . Thus we have a family of 1-dimensional 
foliations on T 2 parametrized by [0, 1] such that only J 70 is not minimizable. 
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8.2. Deformation of an example of Candel and Conlon. We present an ex- 
ample of a family {^jtefo,!] of 1-dimensional foliations on S* 3 such that J 70 is not 
minimizable and J 7 ' is minimizable if t is nonzero. In a similar way, we will construct 
a family {W*}te[o,i] of 1-dimensional foliations on S 3 such that Ti 1 is minimizable 
and T-L l is minimizable if t is not equal to 1. Here J 70 and ~H° are the example 
constructed by Candel and Conlon in Example 10.5.19 of [4]. These examples show 
that the minimizability is neither open nor closed in families of foliations in general. 

We restate the construction of the example J-° of Candel and Conlon here. We 
consider the 2-dimensional product foliation S 1 x D 2 — \_\ teS i {£} x D 2 on the solid 
torus. Turbulizing this product foliation around the axis S 1 x {0}, we obtain a 
singular foliation S on S 1 x D 2 whose leaves are trumpet-like surfaces and the axis 
S 1 x {0}. We foliate S 1 x D 2 by a 1-dimensional foliation Q° so that each leaf of S is 
saturated by leaves of Q° and the leaves of Q° are transverse to the boundary of the 
solid torus. We obtain a foliation J 70 on S 3 by pasting two copies of (S 1 x D 2 , Q°). 
This (S 3 ,^) is non- minimizable as Candel and Conlon showed by a theorem of 
Sullivan in Example 10.5.19 of [4]. 

We construct J 7 * for nonzero t in [0, 1]. Let L\ and be two closed leaves of J 70 
which are axes of solid tori. For t in [0, 1], let J 7 * be the smooth foliation obtained 
from J 70 by replacing both of L\ and to solid tori K \ and K\ of radius t with 
the product foliation K\ — S 1 x D 2 — \_\ xeD 2 S 1 x {x} for i = 1 and 2. Thus we 
have a smooth family {^jte^.i] of 1-dimensional foliations on S 3 . 




We can decompose S 3 into ^'-saturated subsets K[, K\ and T 2 x [0,1]. Let 
(6>i, 82, s) be the coordinates on T 2 x [0, 1] such that 
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• 9\ parametrizes a meridian of K\ and a longitude of K 2 , and 

• 9 2 parametrizes a meridian of K 2 and a longitude of K\ . 

By the construction, we can construct T 1 so that the leaves of J 7 ' are transverse to 
a 1-form dB\ + d9 2 on T 2 x [0, 1]. 

By the Rummler-Sullivan criterion, let us show 

Proposition 32. J- 1 is minimizable for nonzero t in [0, 1]. 

Proof. By the Rummler-Sullivan criterion (see Sullivan |25j). J 7 * is minimizable if 
and only if there exist a 1-form \ on S 3 such that x\tf* has no zero and dxlrj^* = 0. 
We take the decomposition of S 3 into ^'-saturated subsets 

(86) S 3 = K\ UK l 2 U (T 2 x [0, 1]) 

as above. We take a coordinate (9±, 9 2 , s) on T 2 x [0, 1] as noted in the paragraph 
previous to Proposition [32j We assume that J 7 * is transverse to d9i + d9 2 on 
T 2 x [0,1], while J^lxt is the product foliation on a solid torus for i = 1 and 2. Let 
Ai be the axis of K\. We can extend 9\ from T 2 x [0, 1] to S 3 — A\ so that 

• 9\ is the composite of a diffeomorphism S 3 — A\ = S 1 x D 2 and the first 
projection S 1 x _D 2 — > S 1 and 

• d9i is transverse to J 7 ' on S 3 — K 2 . 
We extend 9 2 to 5 3 - A 2 in a similar way. 

Let ri be the radius coordinate on the D 2 -component of K\. Let (/>,; be a non- 
negative smooth function on S 3 such that 

• fa = on S 3 - K\, 

• <f>i is a function of rj on if* and 

• (^>j is 1 on an open neighborhood of Ai. 
We define a 1-form \ on by 

(87) x = (1 - &)d0i + (1 - <h)d9i. 

Note that (1 — (f>i)d9i is well-defined on S 3 , though d9i is not defined on the axis 
A l of K\. 

We will confirm that x satisfies the conditions in the Rummler-Sullivan's criterion 
for J 7 * on the components of the decomposition (|86[) . Since the restriction of x to 
T 2 x [0, 1] is equal to d9\ + d9 2 , x|t 2 x[o,i] is transverse to ^l^xfo.i] an d dx — 0. 
On K{, we have 

(88) x \kI = (1 - 4>i)Mi + d6 2 

Since d9 2 is transverse to J~^\k* and d9\\T^ is zero, x\k{ is transverse to J- t \x\- 
We have dx\x{ = d<f>i ^ rf^i, and hence {dx\K\)\TJ rt = 0. We can prove that x\k\ 
also satisfies the two conditions in the Rummler-Sullivan's characterization in the 
same way. Hence J 7 ' is minimizable. □ 

Let X s be a nowhere vanishing vector field tangent to F s for s = and 1. Let 
X* = tX 1 + (1 — t)X° for < t < 1. Then X 1 is nowhere vanishing and defines 
a foliation H l . In this family {W*}te[o,ii of foliations, is non- minimizable for 
< t < 1 and "H 1 is minimizable. In fact, is shown to be non-minimizable 
for < t < 1 by an argument similar to the proof of non-minimizability of J 70 by 
Candel and Conlon in Example 10.5.19 of [4]. The proof of the minimizability of 
H 1 is similar to the proof of Proposition l32l 
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